ABSTRACT. For Artin algebras allowing certain filtered module categories, the Generalized Nakayama Conjecture is shown to be true; our result covers all positively graded Artin algebras and those whose radical cube is zero. For the corresponding class of left artinian rings we prove that finite global dimension forces the determinant of the Cartan matrix to be 1.
Introduction.
In 1958 Nakayama conjectured that any finite dimensional algebra of infinite dominant dimension is quasi-Frobenius. A positive solution could be considered a step towards the-stronger-finitistic dimension conjecture, claiming that all finite dimensional algebras have finite finitistic dimension (see e.g. [9, p. 105J for details). Another problem arose from Nakayama's conjecture, namely the Generalized Nakayama Conjecture (GNC) as proposed by Auslander and Reiten [1J: it suggests that, given an Artin algebra R, every indecomposable injective (left) R-module appears (up to isomorphism) as a direct summand of some term of the minimal injective resolution of RR. The validity of (GNC) implies that of the Nakayama Conjecture; given some injective resolution of RR which consists entirely of projective modules, the minimal injective resolution will have the same property, whence (GNC) entails that all injective modules are projective.
A further, unrelated investigation turns out to profit from the technique we use to tackle (GNC), the question being whether for a left artinian ring of finite global dimension the determinant of the Cartan matrix is necessarily 1.
What is known?
As for the Nakayama Conjecture, Mueller and Morita and Tachikawa [8, 1J provided a positive answer for QF -3 algebras whose minimal faithful left ideals have endomorphism rings of finite representation type. Recently, Wilson [10J gave a proof for (GNC) in case R is a positively graded finite dimensional algebra over a field. Our first major goal will be to establish (GNC) for all Artin algebras serial rings det C = 1 is even equivalent to finite left global dimension according to Burgess, Voss and the authors [2J. Here we will modify an approach of Wilson [10J who obtained det C = 1 for all positively graded finite dimensional algebras of finite global dimension. It proves useful to consider a refined Cartan matrix which, being no more difficult to compute than the classical one, stores considerably more information. With its aid we will simultaneously answer the determinant question for left artinian rings with either a positive grading or J3 = 0, as well as for left serial rings (Theorem B).
We conclude with an application of our method to a computation of Exe (8, 8) , where 8 is a simple module over an artinian ring.
Throughout, R will be a left artinian ring with identity and e1, ... ,en a complete set of orthogonal primitive idempotents in R. Since in none of the problems at stake will we lose generality by restricting our attention to basic rings, we will assume that the left ideals Re;., 1 ~ i ~ n, are pairwise nonisomorphic.
Filtered R-categories and prototypical examples.
Suppose that A is a skeletally small abelian category such that each object of A has an underlying structure of a finitely generated left R-module and all morphisms in A are R-linear.
Moreover, we require that addition and composition of morphisms in A coincide with the corresponding operations for R-linear maps. Denote the forgetful functor A --t R-mod by ' I/J (here R-mod stands for the category of all finitely generated left
R-modules).
A category A as above together with a family (Fk)kEZ of additive subfunctors of the identity functor on A is called a filtered R-category if the following conditions are satisfied: (F2) The functor ' I/J is exact and preserves injective envelopes as well as projective covers (whenever they exist in A).
( 
is a semisimple R-module. An analogous argument shows (3). Statement (4) follows immediately from the fact that B = f(~ A) ~ ~ B, while (5) 
PROOF. (1) From the definition of R(A) it is clear that [S1]"'" [Sn] span .9(A).

To show linear independence, suppose that gi(T), hAT) are elements of Z((T))
and In case the simple objects Si have injective envelopes in A, the classes of the latter generate a submodule of rank n in .9(A). Namely
LEMMA 3. Suppose that Ei is an inJ'ective envelope of Si in
A for i = 1, ... ,n.
Then the elements [Ed, ... , [En] of .9(A) are linearly independent over Z((T)).
PROOF. Expand each [Ej] in terms of the basis
with lij E Z((T)) and set L = (lijh~i,J~n' All we have to show is that detL #-0; for then L is an invertible matrix over the field of fractions of Z((T)).
Note that the lij = I:k li;)Tk are actually polynomials in T and T- 1 , where Ii;) is the number of occurrences of the simple R-module Si in 'ljJ (Fk Ejl Fk+1 Ej) .
and FkEj = 0 for k > dj. Hence the monomial of highest degree in T appearing in ljj is Td j , whereas all the polynomials lij = liJ(T, T-1 ) which are found in the License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use same column of L have degrees in T strictly below dj . If we expand det L as the sum of signed elementary products of the entries in L, it thus becomes clear that 
REMARK. Note that whenever I: A -+ B respects the filtration, then any refinement of a decomposition of K = Ker I as in (R3) will again satisfy (R3). In particular, (R3) will hold for any indecomposable decomposition of K.
The following two lemmas will smooth the terrain for our main theorem. 
Then, observing that f induces a split exact sequence
in R-mod (we dropped ' t/J for better legibility), we see that
by the definition of the Ki and Ui. Summation over k E Z yields
Given a nonzero integer polynomial h = h(T, T-1) in T and T-1, we call the exponent of the highest monomial in T that occurs nontrivially in h the degree of h, the lowest among the exponents of T the codegree of h. Set deg h = codeg h = 00 for h = O. (ii) codeg~ 2 codegB.
PROOF. Denote the codegree of A, resp. B, by a, resp. b.
(1) From Lemma 1 we know that a :S b. For the reverse inequality observe that We thus obtain polynomials hkl,"" hkn in T, T-1 and decompositions Ker(gk) = EBj~1 KkJ together with integers Ukl,·'" ukrk ;::: 0 such that [Ren ] are linearly independent over Z, and thus each of the n indecomposable injective modules must occur in some Uij, i = 1, ... , n, j = 0, ... , ti. The J-filtered Cartan matrix of R is 6=(1~T ;);
in particular, we have det 6 = 1 + T -T2 of:. 1 (which entails gl dim R = 00 by Theorem B), whereas det C = 1.
[2,
Example II] exhibits an example of rings Rand S with radical cube zero having identical classical Cartan matrices, whereas gl dim R < 00 and gl dim S = 00.
As it turns out, the J -filtered Cart an matrices still reflect finite, resp. infinite, global dimension in this case. In fact, det6(R) = 1, whereas det6(S) f.1.
Our main goal in this section is to prove that in any of our standard settings finite left global dimension entails det 6 = 1 for the correspondingly filtered Cart an matrix 6. For this purpose, we start again with an abstract filtration on A. To establish our main theorem, we intend to employ a trick similar to that of §5, and again we will need the morphisms in the relevant projective resolutions to be well behaved.
Call R Cartan filtered if R admits a filtered R-category A in which each Si has a minimal projective resolution such that all direct summands of the epimorphisms fij : Qij -+ Im(fij) respect the filtration.
If R is Cartan filtered, then, in particular, the projective covers Pi -+ Si -+ 0 respect the filtration, whence codeg Pi = 0 for all i (Lemma 5). Consequently, Cis COROLLARY (see [10] 
